The depolarizing and occultation effects of a finite spherical light source on the polarization of light Thomson scattered from a flat circumstellar envelope seen edge on are analyzed.
I. INTRODUCTION
Over the past decade there has been extensive use of light scattering off of circumstellar electrons as a diagnostic of geometric and physical conditions at the source. Applications (Poeckert and Marlborough 1977; Brown, McLean, and Emslie 1978; Dolan and Tapia 1984; Drissen et al. 1986a, b; Clarke and McGale 1986; Huovelin et al 1986; Brown and Henrichs 1987; Clayton et al. 1989) have been largely based on the point source/single scattering analytic treatment formulated by Brown and McLean (1977) , , and by Rudy and Kemp (1978) . It has been shown by detailed numerical simulations that the results of this simplified treatment remain reasonably accurate even where multiple scattering and finite size light source effects are included (Daniel 1980; Dolan 1984) and even, in some cases, for non-Rayleigh scattering functions (Simmons 1982 (Simmons , 1983 . Most recently Cassinelli et al. (1987) have shown how a simple analystic depolarization correction can be made to the point source results for a finite light source (see more general discussion by .
Thus far almost no attention has been paid to the second effect of a finite stellar light source, namely, its occultation of some of the scattering region, although Milgrom (1978) drew attention to its potential importance in complicating the interpretation of polarimetric variations by considering one special geometry and applying it to Cygnus X-l.
In this paper we present some of the results of the first stage of a general study of scatterer-occultation effects, examining the special case of oscillators confined close to the plane containing the observer. We will assume throughout that the light source is unpolarized (Collins 1989) and that the envelope is purely a scattering one.
From previous analyses of polarimetric observations Simmons, Aspin, and Brown 1980; Drissen et al. 1986a, b) it appears that scatterers are distributed quite symmetrically about the orbital plane in a number of binaries. Indeed, physically we expect scatterers to be concentrated close to the orbital plane, in such cases as accretion disks, accretion streams, accretion wakes and focused stellar winds. In the case of single stars (particularly Be stars) joint spectral and polarimetric analysis (Poeckert and Marlborough 1977, 1978; Brown and Henrichs 1987 ) also point to almost planar disk distributions of circumstellar gas. We therefore believe that a theoretical study of the polarimetric effect of occultation of scatterers confined to a plane is a sound starting point. Clearly the results of such a study will depend on the observers direction. Our adoption in the present paper of a 90° inclination (f);-i.e., observer in the plane of the scattering material-is based on a desire to see what are the maximal effects of occultation and to obtain analytical simplification to reveal the primary features of occultation effects before proceeding to a more general analysis for arbitrary inclination. In an actual case of i = 90° in an arbitrary system, there will inevitably also be the possibly important effects of stellar eclipses and scatterer occultation by both stars (even if the companion is faint and unimportant as a light source). Our analysis therefore is to be understood as applying directly to those binary orbital phases, when stellar eclipsing and secondary scatterer occultation are not important.
After a general formulation of the problem ( § II) we will investigate ( § III) how Be star polarization is affected when we include stellar occultation of a uniform disk scattering region, and how binary polarimetric variations could be used to infer properties of the radial and azimuthal scatterer distributions in the case of a one-dimensional (plume-like) scattering region ( § IV) and a two-dimensional (general planar) scattering region (Appendix).
II. POLARIZATION OF AN OCCULTED PLANE ELECTRON DISTRIBUTION
Consider a near plane distribution of electron (or Rayleigh) scatterers of surface density Q(x, 9) (cm -2 ) at polar coordinates (r, 0) (r = xR*) centered on a uniform spherical star of radius R* and luminosity L*. By symmetry, all polarization vectors are normal to the plane of Q when the system is observed in this plane. An elementary area dA = r dr dO at (r, 9) in the single Thomson scattering limit, contributes a polarized flux at the Earth, distance d, of
where D(x) is the depolarization factor to allow for a finite range of incident light directions from the star , and <t x is the Thomson cross section. The direct flux of unpolarized starlight is F* = LJ4n d 2 , which will much exceed the total scattered flux in the single scattering limit, so that the net polarization observed will be i.e., Q(x, 9) cos 2 9d9dx ,
where A = total area of Q seen by observer. Inspection of Figure 1 shows that this can be written as
where f(x, 0) = Q(x, 0)/Q o , measures Ü in units of a convenient (e.g., mean) surface density Í2 0 -The outer upper integral limit has been set at oo. In practice this is to be understood to mean either the finite disk radius or the maximum distance to which single scattering still applied-photons multiply scattered along large optical depths will contribute little to the polarization. The observer is at E (along the x-axis) in the plane of the disk. The disk extends from the stellar surface to a finite radius, which is taken as ctR t . We measure 0 counterclockwise from the y-axis. The occulted region is the hatched area.
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III. POLARIZATION FROM A SINGLE BE STAR DISK WITH Q = Q(x) Be star envelopes have been modeled in terms of equatorial disks of matter (Poeckert and Marlborough 1976; Rudy and Kemp 1978; Kemp 1980; Poeckert 1982; Waters 1986; Dachs et al 1986) , which were initially proposed by Struve (1931) , and sometimes in terms of approximately spherically symmetric shells (see Doazan and Thomas 1981; Doazan 1986 ). In the latter case there appears to be some confusion over the matter of polarization, it being claimed that little deviation from spherical is needed to explain the observed polarizations of ~ 1%. This was similarly claimed by McLean and Brown (1978) , who concluded from the statistics of the observed polarizations that extremely oblate envelopes presumably do not exist. We wish to emphasize that this is not correct for all stars. For a disk with a point source illumination from its center, the highest polarization achievable is ~ 14% before multiple scattering begins to reduce the polarization (see § IIIc). Since most of the scattering occurs near the star, however, the effects of finite source depolarization and of scatterer occultation will both be substantial, and this 14% figure is a gross over estimate.
Here we will examine these two effects quantitatively and show that indeed flat disks are essential to obtain the observed degree of polarization (see Cassinelli 1987) .
We take the envelope to be axisymmetric with/(x, 0) = F(x) and to have an outer boundary at x = a. Then the integration of the occulted region (see Fig. 1 ) can be written explicitly as Then,
(6)
For comparison purposes we note that when no account is taken of depolarization or occultation, the polarization is fa F(x \ P 0 = na 0 n 0 I -dx. (8) Jl * When account is taken of depolarization, but not occultation, it is
and when account is taken of occultation, but not depolarization, it is
Inspection of equations (7)-{10) shows that P u P 2 , and P are always smaller than P 0 whatever F(x) is. We now calculate how large the reduction is for two special cases of interest. a) Uniform Finite Disk We set F(x) = 1 for 1 < x < a and zero otherwise. Then for equations (7)- (10) we obtain the following:
(1) point source with no occultation, P 0 = n(r 0 Q 0 \ncc ; (11) (2) extended source with no occultation,
(3) point source with occultation,
(4) extended source with occultation,
In Figure 2 , we show the values of P, P u and P 2 compared to P 0 as a function of a. It is clear that even when a disk has uniform density over a considerable range (a ~ 2) the real polarization is a factor of ~2 less than obtained by a point light source approximation. As a approaches 1, the polarization P 2 ~ P 0 /2 when only occultation is considered (because precisely half of the scatterers are hidden) and tends to zero (i.e., P u P ^0) when depolarization is included, as expected for material very close to the stellar surface. In a real stellar mass loss situation the scattering density will fall off with distance from the star (faster than r~2 for an accelerated wind in three dimensions [Waters 1986 ]).
Here we will examine the effects of depolarization and occultation on such a structure in two dimensions, parameterizing the density profiles as ~r~n; that is, we adopt
where Q 0 is now the surface density at the stellar boundary. We then obtain for (1) point source with no occultation,
(2) extended source with no occultation (setting x = sec £), Pi = n(7 0 n 0 \B(n/2, 3/2) ;
(3) point source with occultation.
where B is the ^-function. In Figure 3 we show the values of P, P l5 and P 2 compared to P 0 as functions of n. As anticipated on the basis of case a the effect of depolarization is to greatly reduce the polarization relative to the point source case, increasingly so as n increases.
c) Implications for the Shape of Single Star Envelopes
The results of Cassinelli et al. (1987) and of the above sections show that the combined effect of finite light source size and of envelope occultation is to reduce the scattering polarization, in fact by a factor of ~2 for any realistic radial distribution of density. This means that the degree of envelope flattening needed to produce observed polarizations (for a given optical depth) is increased compared to estimates based on point star models. Since the necessary degree of flattening of circumstellar envelopes is controversial (see Doazan and Thomas 1981 ; Cassinelli et al. 1987; Slettebak 1988) , we examine here the implications of these new results for the issue, assuming that a similar factor of 2 reduction applies to envelopes which deviate from the plane-an assumption substantiated by work in progress.
According to Brown and McLean (1977) Power Index (n) Fig. 3 .-A plot of the polarization values P, and P 2 compared to P 0 as a function of power index n for an infinite axisymmetric disk (equality applying for inclination i = 90°), where n(r, ¡i) is the density at radial distance r and colatitude cos " 1 fi. The polarization cannot be increased arbitrarily by increasing n because the onset of substantial optical depth reduces the polarization by multiple scattering (Daniel 1980) . To model this approximately we assume that n(r) is uniform in latitude over an equatorial wedge of half-angle sin" Vo f°r which equation (20) becomes
where t* = cr x n dr is the scattering optical depth. Requiring roughly that t* < 1 to avoid multiple scattering along any light path and maximizing the right-hand side of equation (21) over /¿ 0 , we find that the maximum P 0 is (22) occurring for a wedge of half-angle sin _1 (l/^3) ^ 35° (for an optically thick disk, a maximum theoretical value of 11.7% was obtained by Bochkarev and Karitskaya 1983) . When account is taken of the reduction in polarization for a finite stellar light source this gives P < 7% .
The polarizations of B stars with P Cygni winds can be as high as 5% (Swings 1981) and so these would appear, on the basis of equation (23), to require concentration of the wind into an equatorial sector as described above. On the other hand, most Be stars have polarizations 2% or smaller and so, on the strength of the argument above it might be believed that these could be consistent polarimetrically with envelopes either nonplanar or more spherical than needed in the extreme P Cygni case. To probe this point further, it is necessary to consider a self-consistent treatment in which the influence of geometry on the depolarizing effect of multiple scattering is explicitly included. Such a treatment has not been carried out. However, we can obtain a fair first estimate by utilizing the results of Daniel (1980) who has obtained contours of constant polarization in the plane of equatorial optical depth and envelope oblateness, using a thick oblate ellipsoid as the envelope model. Here we will suppose Daniel's results apply when finite star effects are included by recalibrating the values of his isopolarization contours downward by a factor of 2. Then from Daniel (1980, his Fig. 5 ) we find that P Cygni polarizations of 5% (10% on his curves) can only be achieved, with optimized optical depth t, for flattening factors E (polar/equatorial radius) of j or less while for more normal Be star polarizations of 2% (4% on Daniel's curves) flattening factors of ^ or smaller are needed.
Given that envelope geometries and densities are hardly likely to conspire to provide the most optimal combination of E and t and that most stars will not be seen at i = 90°, it is therefore clear that the polarizations of Be stars do demand highly equatorially flattened envelopes. This conclusion will be further strengthened when absorption effects are included.
IV. VARIABLE OCCULTATION AS A DIAGNOSTIC OF SCATTERER DISTRIBUTION IN A COROTATING SYSTEM a) General Principle
As is clear from § III (and from Brown and McLean 1977) polarimetry of a single axisymmetric source yields essentially only one number describing the scattering envelope (the polarimetric position angle determining the orientation of the symmetry axis on the sky). Further, this number permits a multiplicity of interpretations depending on three distinct factors-envelope shape, density, and inclination (Brown and McLean 1977) . No. 1, 1989 In systems where the envelope is nonaxisymmetric and revolves about the light source, due to binary orbital motion or accretion disk precession for example, the situation is better because the variable scattering geometry in the observer's frame essentially enables an angular scan to be made over the envelope geometry and some of its parameters to be derived Rudy and Kemp 1978; Karitskya and Bochkarev 1983; Carlaw and Brown 1989) . However, only a rather small number of integral moments (or series expansion coefficients) can be derived from observations in this case. This is essentially because the Thomson scattering function which acts as the kernel of an integral equation relating the envelope angular distribution to the Stokes parameter variation (see Simmons 1982 Simmons ,1983 ) is slowly varying and of separable form (see Craig and Brown 1986) , such that all high spatial frequency components of the envelope distribution are absent from the polarization (see .
However, when we include scatterer occultation effects, we may anticipate that the situation may be further improved because the sharp boundary of the occulting star will scan across the scattering distribution as it rotates, so providing a unidimensional " narrow band " spatial filter with which to study the structure. It is also clear that the case of a flat distribution seen edge on is the easiest to treat theoretically in this problem, and we illustrate the potential of the technique, starting with a one-dimensional scatterer distribution which permits a unique inversion of the problem ( § IVh), and we then proceed to restricted and general twodimensional distributions (Appendix). b) Structure of One-dimensional (Plume-like) Envelope In the case of a mass-transferring binary, the circumstellar matter may, in some cases, approximate quite closely to an axisymmetric distribution of mass lost from the primary light source with a superposed one-dimensional plume-like structure. Such would be the case for example for accretion via a focused stellar wind (Friend and Cassinelli 1986) or a Roche lobe overflow accretion stream (Haisch and Cassinelli 1976) , or for stellar jets (e.g., Carlaw and Brown, 1989) .
In the i = 90° case we are considering, the axisymmetric disk component will provide a constant polarization (see § III) which we will denote by P D , provided occultation effects by the secondary are small (if not, then a generalization of the analysis in the Appendix, § I, to the case of two occulters would be necessary).
The one-dimensional plume we will represent in terms of a linear density A(x) (cm -1 ) of electrons per unit radial length [i.e., A(x)R + dx = number of electrons in dx], giving rise to a time-dependent polarization P L (t). If time t is chosen such that the plume is at 0 = 0 at time i = 0 (see later discussion) and rotates uniformly in period T (see Fig. 1 ), then in equation (4) we must let Q(x, 6)Rlx dx dO -+ A(x)(>(0 -(Dt)R* dx dO , where oe = In/T and ô is the delta function.
In this instance, equation (4) Observations of such a system should therefore exhibit pure second-harmonic (cos 20) phase variations, typical of an unocculted binary ) on top of a constant contribution,
during half the rotation period (it <0 < lit), and more complex variations [depending on G(x)] during the other half as the value of sec 0 in the integral limit of equation (25) changes. Given any model of A(x), P(0) can be computed throughout period T by means of equation (24)- (26). It is also possible however, to invert this problem explicitly and thereby allowing inference of A(x) from the data on P(t) as follows. The time at which P(t) starts to exhibit variations other than on period T/2 identifies the time of zero phase. Once this is known we can construct from the data, P(t), the function 2P(0)/(1 + cos 20) and on differentiation of equation (25) Once the function A(x)/R* is found it can be integrated to give
and hence the disk polarization contribution P D .
In order to illustrate the potential of this inversion method, we shall construct a simple model calculation by considering an infinitely thin plume with effectively infinite radial extent (> 60R* in our numerical simulation). We set Aq^Gq/R* = 0.001 and so the polarimetric variation due to the plume is ~ ±2 x 10 -4 (0.02%). We then evaluated P(t) for very l/36th of the phase (Fig. 4a) .
Utilizing equation (28) and making the approximation
we obtain A(x)g 0 /R* as a function of x (Fig. 4b) . In this particular case we need only apply equation (28) for 0 < 0 < tc/2-due to symmetry. From Figure 4b we see that the method recovers a discrete form of A(x) (dashed curve) close to the true x -2 distribution and with A^Gq/R* = 9.75 x 10 -4 is very close to the correct value. Finally we find the disk polarization to be P D = 0.10 (1.00%). In this particular example we have neglected noise, and thus our inversion results are in excellent agreement with the input model. In practice, problems may arise due to data noise, particularly if an attempt is made to push the discrete recovered solution toward the continuous limit (h -► 0), since then the approximation (30) to df/d6 may become swamped by changes in Af due to noise rather than real changes. (On the other hand, too large a sampling interval (h) gives a poor recovery because of coarse discretization errors). In such cases it will be necessary to apply a smoothness constraint on the solution to stabilize the inversion (differentiation) procedure against the effects of noise, as discussed by Craig and Brown (1986) .
V. CONCLUSIONS
We have shown in our analysis that the neglect of the finite size of the light source leads to a gross overestimate of the polarization for a given disk geometry. By including occultation and depolarization we found that B star envelopes are necessarily highly flattened disk-type structures.
For a disk viewed edge on we find that the effect of occultation reduces the polarization more than the inclusion of the depolarization factor alone. This, however, is due to the fact that we have maximized the occulted region, and one can expect that for a general inclination angle, the depolarization factor will have the same reducing effect upon the observed polarization, whereas occultation will become decreasingly important as i decreases.
The analysis of a one-dimensional plume led to a powerful technique that allows one to explicitly obtain the electron density distribution from the polarimetric data. Although we only inverted the problem for an infinite plume, it is a trivial matter to carry out a similar analysis for a finite plume [use of our formulation would just give A(x) = 0 for x > a in such a case]. In a future paper it will be shown that such an inversion is also possible for arbitrary inclination.
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The application of our present analysis is restricted to high-inclination sources only. For Be stars therefore, such analysis will be limited to those stars with the most pronounced absorption-line shell spectra and considerable broadening of the absorption lines from the underlying star.
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APPENDIX I. STRUCTURE OF TWO-DIMENSIONAL ENVELOPES
We now return to the general equation (4) and permit Q = Q 0 f(x, 6) to be distributed in 6 as well as x, but still adopting the corotation condition/(x, 0, t) =/ 0 (x, 0 -oet), where/ 0 (x, 6 0 ) is Q(x, 6 0 )/Q 0 with 6 0 measured in a frame rotating with the envelope from a reference axis which coincides with that of 6 when i = 0. We consider the extent to which properties of/ 0 can be obtained from observations of P(i), but we shall defer model calculations to a subsequent paper.
In this restricted case we suppose a) f 0 (x, 0) Separable with Known x-Dependence
(Al) where g 0 (x) is known but h o (0 o ) is not. This would be the case for example for a corotating equatorial wind of known velocity profile, the same in all directions but the wind density ( ~ h 0 ) varying with direction.
We As examples we show in Figures 5a and 5b these integrals as functions of n for the form g 0 (x) = x~n used earlier for the first eight harmonics, which is above the maximum likely to be achievable in a meaningful fit to any polarimetric data. (In fact for integer n these integrals can be expressed in analytic form but are cumbersome and direct numerical computation is as convenient).
Power Index (n) Fig. 5a Fig. 5b 
